We consider a tandem queue with coupled processors and analyze the two-dimensional Markov process representing the numbers of jobs in the two stations. A functional equation for the generating function of the stationary distribution of this two-dimensional process is derived and solved through the theory of Riemann-Hilbert boundary value problems.
Introduction
In this paper we consider a tandem queueing model consisting of two stations. Jobs arrive at the first station according to a Poisson process. After receiving service at this station, they move to the second station, and upon completion of service at the second station they leave the system. The amounts of work that jobs require at the stations are independent, exponentially distributed random variables. The total service capacity of the two stations together is constant. When both stations are nonempty, a given proportion of the capacity is allocated to station 1, and the remaining proportion is allocated to station 2. However, if one of the stations is empty, the total service capacity of the stations is allocated to the other station.
The model is motivated by a situation arising in cable TV networks which are upgraded to enable bidirectional communications between network terminations (NTs) and a centrally located head end (HE). In order to coordinate transmissions from NTs to HE a medium access protocol is needed. This protocol can be a mechanism consisting of two stages. At the first stage, an NT which has data to transmit sends a request to the HE in a dedicated time slot to specify the number of data slots it needs. If only one NT sends a request in a certain time slot, then the HE receives the request successfully. If more NTs send a request simultaneously in a certain time slot, a collision occurs, upon which a collision resolution algorithm is started for these NTs. Upon receiving a request successfully, the HE starts the second stage of the mechanism, the actual data transmission, by sending a grant to the corresponding NT to transmit its data in specified data slots. The capacity of the channel is divided between these two stages by the appropriate use of time slots. Some of the time slots are dedicated to data transmission of NTs already having a grant, and the rest is dedicated to requests of NTs not yet having a grant. Clearly, in our model, service at station 1 represents the process of receiving the requests, whereas service at station 2 represents the transmission of the actual data corresponding to the successfully received requests.
Systems in which the service rates of stations change at the moments that one of the stations becomes empty, are known in the literature as systems with coupled processors. In a pioneering paper, Fayolle and Iasnogorodski [6] were the first to consider such a system, where they analyzed two coupled servers in parallel with exponential service times. They derived a solution for the generating function of the stationary distribution of the Markov process describing the number of jobs in both queues, using the theory of Riemann-Hilbert boundary value problems. Konheim, Meilijson and Melkman [8] determined the generating function of the joint queue length distribution using a uniformization method in the completely symmetric case (identical arrival and service rate at both servers). In Cohen and Boxma [5] , the coupled processor model is analyzed for the case of generally distributed service times. Our model can be viewed as the tandem version of the model in [6] . Like the ordinary coupled processor model, our model will also be analyzed using the theory of boundary value problems. In Blanc, Iasnogorodski and Nain [2] a tandem queueing model with general service times at the first station but without coupled processors is also analysed using boundary value problem theory.
The rest of the paper is organized as follows. The next section describes the model. In section 3, we derive a functional equation for the generating function of the stationary joint distribution of the number of jobs in both queues. This functional equation is analysed in section 4 for the two extreme cases in which the total capacity is allocated to one of the two stations, even if both stations are non-empty. For the intermediate case, in which the stations really share the capacity when both stations are non-empty, the functional equation is studied in section 5. Section 6 discusses a more general model, which leads to an alternative proof for the well-known product form solution for the stationary distribution of the ordinary tandem queue with exponential interarrival and service times.
Model description
We consider a tandem queueing model consisting of two stations. Jobs arrive at station 1 according to a Poisson process with rate λ, and they demand service from both stations before leaving the system. Each job requires an exponential amount of work with parameter ν j at station j, j = 1, 2. The total service capacity of the two service stations together is fixed. Without loss of generality we assume that this total service capacity equals one unit of work per time unit. Whenever both stations are nonempty, a proportion p of the capacity is allocated to station 1, and the remaining part (1 − p) is allocated to station 2. Thus, when there is at least one job at each station, the departure rate of jobs at station 1 is ν 1 p and the departure rate of jobs at station 2 is ν 2 (1 − p). However, when one of the stations becomes empty, the total service capacity is allocated to the other station. Hence, the departure rate at that station, say station j, is temporarily increased to ν j . In the sequel we will denote with ρ j = λ/ν j the average amount of work per time unit required at station j, j = 1, 2.
Clearly, the two-dimensional process X(t) = (X 1 (t), X 2 (t)), where X j (t), j = 1, 2, is the number of jobs at station j at time t, is a Markov process. Under the ergodicity condition
the process X(t) has a unique stationary distribution. The ergodicity condition directly follows from general ergodicity results on semi-homogeneous random walks in the quarter plane (see Cohen [4] or Fayolle, Iasnogorodski and Malyshev [7] ). Intuitively, (1) can be understood from the fact that, independent of p, the two service stations together always work at rate 1 as long as there is work in the system. In the sequel we are interested in determining the stationary distribution of the process X(t).
Functional equation
Let us denote with π n,k the stationary probability of having n customers in station 1 and k customers in station 2. The balance equations for the probabilities π n,k are given by:
Now we define, for |x| ≤ 1, |y| ≤ 1, the joint probability generating function
From the balance equations it follows that P (x, y) satisfies the following functional equation
The constant P (0, 0) can be determined by substituting x = (ν 1 y 2 )/(ν 1 y − ν 2 (y − 1)) in (2) . For this choice of x, both the factor in front of P (x, 0) and the factor in front of P (0, y) are equal to zero, and hence equation (2) reduces to
Now, letting y ↑ 1 in (3), we obtain P (0, 0) = 1−ρ 1 −ρ 2 . This result can, of course, be explained by the fact that, independent of p, the two stations together always work at capacity 1 (if there is work in the system) and the fact that ρ 1 + ρ 2 equals the amount of work brought into the system per time unit. We will attack the problem of solving for P (x, y) in the functional equation (2) in the next two sections.
The cases p = 0 and p = 1
In the case p = 0, respectively p = 1, the model that we consider can be alternatively viewed as a tandem queueing model with one single server for both stations together, in which the server gives preemptive priority to station 2, respectively to station 1. It turns out that for these cases, the functional equation (2) can be solved relatively easily. This is mainly due to the fact that either the factor in front of P (0, y) in equation (2), in case p = 0, or the factor in front of P (x, 0), in case p = 1, is equal to zero. In fact, in case p = 0, the model we consider is well-known. However, as far as we know, in case p = 1 the model is not studied before. Therefore, we will particularly pay attention to the latter case in this section. If p = 0, every time the server has completed a service of a job at station 1, he will immediately continue the service of this same job at station 2, due to the fact that service at station 2 has priority. Hence, the analysis of the model essentially reduces to the analysis of a single M/C 2 /1 queue, in which the service time consists of two exponential phases with parameters ν 1 and ν 2 respectively. Analysis of equation (2), through straightforward but lengthy calculations, leads to the following solution for P (x, y):
which can also be obtained by other methods such as the spectral expansion method (see Mitrani and Mitra [9] ) or the matrix-geometric method (see Neuts [11] ). If p = 1, the model is a tandem queue with a single server and preemptive priority for the first queue. Equation (2) reduces in this case to
Now, for x = ξ(y), the unique root in the unit circle of the equation λx 2 − (λ + ν 1 )x + ν 1 y = 0, the righthandside of (5) should be equal to zero. Hence, we obtain
or, alternatively,
Furthermore, substitution of (6) in (5) gives
A nice probabilistic explanation for the results in equations (7) and (8) can be given. First remark that the root ξ(y) can be interpreted as the generating function of the number of jobs served in a busy period of an M/M/1 queue with arrival rate λ and service rate ν 1 (see, e.g., Cohen [3] , page 190). Now, if we look at our model only during periods that the first queue is empty (i.e., we glue together idle periods of the first queue), the second queue behaves as an M X /M/1 queue with arrival rate λ, batch size generating function ξ(y) and service rate ν 2 . Hence, the function P (0, y)/P (0, 1), i.e. the generating function of the conditional distribution of the number of jobs in the second queue given that the first queue is empty, is the same as the generating function of the number of jobs in the above mentioned M X /M/1 queue. The latter one is well known (see e.g., Cohen [3] , page 387) and immediately gives equation (7) .
To explain equation (8) we introduce the random vector (Y 1 , Y 2 ), denoting the stationary number of customers in the system (Y 1 ) and the stationary number of customers already served in the current busy period (Y 2 ), at a point in time in which the server is busy in an M/M/1 queue with arrival intensity λ and service intensity ν 1 . Furthermore, let Q(x, y) be the generating function of (Y 1 , Y 2 ). The function Q(x, y) can be straightforwardly obtained by studying a twodimensional Markov process with transition rates similar to the rates in our model with p = 1 (only the rates near the vertical boundary differ). It turns out that Q(x, y) is equal to
Now, if we denote by (X 1 , X 2 ) the stationary number of jobs at the two stations in our model at arbitrary points in time, and by (0, X (i)
2 ) the same quantities during idle periods of the first station, then we have
2 ), with probability 1 2 ) has generating function P (0, y)/P (0, 1), we have
Using P (0, 1) = 1 − ρ 1 , and combination of (9) and (11), directly gives (8) .
Remark: Decomposition result (10) also holds for generally distributed service times and hence can be starting point for the analysis of the model with arbitrary service times.
The case 0 < p < 1
In this section we will derive the solution of functional equation (2) for 0 < p < 1. A key role is played by the kernel
Zeros of the kernel
Because the kernel K(x, y) is, for each x, a polynomial of degree 2 in y, we have that for every value of x there are two possible values of y, say y 1 (x) and y 2 (x), such that K(x, y 1 (x)) = K(x, y 2 (x)) = 0.
Lemma 1 The algebraic function y(x) defined by K(x, y(x)) = 0 has four real branch points
Proof: Branch points are zeros of the discriminant, D(x), of the equation K(x, y) = 0 as function of y, i.e., Figure 1 , the result of Lemma 2 is illustrated. In the sequel we will denote the interior of the contour L by L + . Finally, notice that for a point y(x) on the contour L we have that
where the notation y indicates the complex conjugate of y.
The boundary value problem
Next, we will formulate a boundary value problem for the function P (0, y).
Lemma 3 The function P (0, y) is regular in the domain L + and satisfies for y ∈ L the condition
Proof: For zeropairs (x, y) of the kernel for which P (x, y) is finite, we have
We can rewrite this equation, by substituting (1 − p)ν 2 x = pν 1 yy (see (12)), in
Now, if
is the point on L with largest absolute value). Hence, P (0, y) is regular in L + . Finally, (13) follows from (15) by taking x ∈ [x 1 , x 2 ] and using that P (x, 0) is real for those x. (14), because P (x, 0) is regular on this interval. Hence, the analytic continuation of P (0, y) is finite at y = y(x 2 ). Because P (0, y) has a power series expansion at y = 0 with positive coefficients, this implies that P (0, y) is regular for |y| < y(x 2 ) and hence in L + .
2 Lemma 3 shows that the determination of P (0, y) reduces to the determination of the solution of the following Riemann-Hilbert boundary value problem on the contour L:
Determine a function P (0, y) such that 1. P (0, y) is regular for y ∈ L + and continuous for y ∈ L + ∪ L.
The standard way to solve this type of boundary value problem (see, e.g., Muskhelishvili [10] ) is to transform the boundary condition (13), by using conformal mappings, to a condition on the unit circle. Let z = f (y) be the conformal map of L + onto the unit circle C + = {z : |z| < 1} and denote by y = f 0 (z) the inverse mapping, i.e., the conformal map of C + onto L + .
Now, if the function H(z) is the solution of the problem (P):
Determine a function H(z) such that
H(z) is regular for z ∈ C + and continuous for
) is the solution of the original problem. The solution of problem (P), a so-called Dirichlet problem on the circle, is well-known (see [10] ) and given by
where K is some constant. In this specific problem, the explicit expression of the conformal mapping f (y) is known (see the paper of Blanc [1] , in which the time-dependent behaviour of the ordinary tandem queue without coupled processors is studied). Hence, P (0, y) has been formally determined. Substitution, first in (14) to obtain P (x, 0) and after that in (2), then yields P (x, y), so that the generating function of the joint stationary distribution of the queue lengths in the tandem queue has been obtained.
Generalization
The model that we considered so far in the paper is a special case of the following model. The system has two stations in tandem, each station having its own server. Customers arrive at station 1 according to a Poisson process with rate λ, and they require an exponentially distributed service time from both stations before leaving the system. The service rate at station j is equal to rate µ j whenever both stations have at least one customer. If one of the stations becomes empty, the service rate at the other station changes from µ j to µ * j . For this model the functional equation becomes
After calculations, similar to those done in the previous section, we can in this case formulate a Riemann-Hilbert boundary value problem for the function P (0, y) on a contour L of the following form: Determine a function P (0, y) such that 1. P (0, y) is regular for y ∈ L + and continuous for y ∈ L + ∪ L.
Re [g(y)P (0, y)] = c(y), for y ∈ L.
A detailed study of this generalization is possible future work. Here, we only present an alternative proof for the well-known product form of the stationary joint distribution of the number of jobs at the stations in the ordinary tandem queue with two exponential servers. Clearly, the case µ * j = µ j , j = 1, 2, describes this ordinary tandem queue with two exponential servers. For zeropairs (x, y) of the kernel for which P (x, y) is finite, we have, from (16), 
where now ρ j = λ/µ j . Clearly, for real x, the righthandside of (18) is real, and furthermore for y on the contour L, we have ρ 2 yy = ρ 1 x. Using these two facts, we conclude that Im ((x − y)(ρ 2 y − ρ 1 x)P (0, y)) = 0.
Finally, using again that (x, y) is a zeropair of the kernel, this reduces to Im ((1 − ρ 2 y)P (0, y)) = 0, with P (0, y) regular for y ∈ L + and continuous for y ∈ L + ∪ L. The solution of this boundary value problem is given by
where K is a constant. Substituting this in (17) gives (again using ρ 2 yy = ρ 1 x)
Finally, substituting the formulas for P (0, y) and P (x, 0) in (16) gives P (x, y) = K (1 − ρ 1 x)(1 − ρ 2 y) .
In this way, we find the product form solution for the tandem queueing system directly from the boundary value problem.
